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SUMMARY

A study was made of the stress concentrations around holes im flat

sheets reinforced with rings of rectangular cross section s}_m_etrically

mounted with respect to the sheets. The sheets were loaded in a bi-

axial loading machine_ a_id stress-concentration factors for principal

nominal stress ratios of i:i, 1.5:i_ 2:i, and 2. S:I were determined.

The sheet specimens were fabricated from plastic sheet and were insti_u-

mented with foil strain gages.

The best reinforcements reduced the stress-c)ncentration factors

to below i.i for the range of stress-field ratios studied. For a given

hub thickness, increasing the ring diameter results in shifting tne

point of maximtum effective stress from the inner rim of the hub to the

sheet. If the ring diameter is kept constant, an increase in the hub
thickness will shift the location of maximuI_ stress or will have a

negligible reinforcing effect, in most cases; increasing the thickness

will raise the stresses in the sheet slightly.

The experimentally determined stress concentrations were compared

with those calculated by a two-dimensional theoretical method proposed

by L. Beskin. Although certain areas of disagreement were identified,

the analytical method produzed conservative results as far as the maxi-

mum stress-concentration factors were concerned wnen the outer diameter

of the reinforcement was i. 7 times the hole diameter or greater.

INTRODUCTION

The presence of openings in missile or space-vehicle tanks requires

special design consideratio_ to ensure structural integrity. Stress

concentrations resulting from openings conventionally are reduced by
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increasing the material thickness locally. However_the manner in
which the added material is distributed around the opening is of great
importance in obtaining optimum reinforcement. In this report, the
term "optimum reinforcement" implies a reinforcement geometry in which
the maximumstress concentration, considering all locations, approaches
unity as closely as possible. The best reinforcement of those tested
will therefore be the one that is closest to an optimumreinforcement.

Various theoretical methods have been proposed for designing rein-
forcements (refs. i to 15), but relatively little experimental work has
been done to determine their validity. In general_ these analyses are
two-dimensional_ although in reference 2 an attempt is madeto take in-
to account localized bending due to a nozzle on one side of the plate.
The two-dimensional assumption can lead to erroneous conclusions when
large reinforcement thicknesses are involved. The flat-plate assump-
tion is probably not too severe a restriction because3 in most missile
work, the diameter-to-thickness ratio of the tank componentsis very
large_ and the reinforcement area is relatively small. Differences
exist_ however_ amongthe basic assumptions of references i to 15.
Someassumethat the reinforcement is concentrated at the rim of the
hole_ others assumethat the reinforcement area is integral with the
plate_ and still others assumeuniform shear on the contact surfaces
between the reinforcing rings and the plate. Manyof the analytical
methods ignore the stress concentration in the plate at the outer edge
of the reinforcement. Onthe basis of the literature_ it appeared that
the method proposed in reference i offered an approach commensurate
with practical design because it allowed stress-concentration factors
to be calculated at any location in the reinforcement area or plate and
could take into account any stress-field ratio.

Experimentall_ strains have been measuredaround reinforced open-
ings in pressure vessels 3 as reported in references 16 to 18. These
papers contain useful guides for reinforcing openings, but the experi-
mental analyses were performed on relatively thick walled tanks and
cannot be applied directly to the membrane-typewalls used in space-
vehicle applications. Someexperimental work has been accomplished with
reinforcements in flat plates_ as reported in references 19 and 20_ but
the plates were loaded only in uniaxial tension_ and the range of rein-
forcement sizes and proportions was limited.

An experimental investigation was undertaken at the Lewis Research
Center to determine the applicability of the analytical method of
reference i and also the best configurations under various biaxial
stress fields. The research described herein employedflat sheets of a
methyl methacrylate plastic having central holes reinforced with rings
of rectangular cross section (see fig. i). The reinforcing rings were
cementedto each side of the sheet to produce a reinforcement hub sym-
metrical with respect to the plane of the sheet.
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A range of hub diameters up to three times the hole diameter and of

hub thicknesses up to ii times the sheet thickness was studied, in this

investigation the ratio of hole diameter to sheet thickness was kept con-

stant. The S:I ratio chose_ for this investigatic_ probably repr_semts

the smallest ratio likely t_ be encountered for openings in missile and

space vehicles and represents the largest practic_l departure from the

plane stress condition. ThLs is so because the hl;b stresses normal to

the plane of the sheet will be reduced_ as is discussed later in this re-

port. Stress fields with vrincipal stress ratios of i:i, 1.5:1_ Z:l_ and

2.5:1 were imposed within the elastic range. Effective stress-

concentration factors were _alculated based upon the yon Mises distortion-

energy theory. Another pha_e of this program was to study tapered rein-

forcements; the results are reported in reference 21.

SYMBOLS

C location at midpoint of hub inner rim on x-axis (see fig. I)

H location in sheet adjacent to hub on x-axls (see fig. i)

K effective stress-co:_centration factor

0 location in sheet adjacent to hub at some angle from y-axis

(see fig. i)

p uniform hydrostatic stress at infinity

q uniform shearing stress at infinity

V location in sheet adjacent to hub on y-axis (see fig. i)

X ratio of outer diameter to inner diameter of hub

Z ratio of hub thickness to sheet thickness

angle to location 0 as measured from y-ax_s (see fig. i)

normal stress_ psi

shear stress_ psi

Subscripts:

C location C

exp experimental
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location H

maximum

location 0

radial direction

theoretical

location V

direction of minimum nominal principal stress

direction of maximum nominal principal stress

direction normal to plane of sheet

tangential direction

index for maximum nominal principal stress

index for minimum nominal principal stress

first of duplicate back-to-back radial strain gages

second of duplicate back-to-back radial strain gages

first of duplicate back-to-back tangential strain gages

second of duplicate back-to-back tangential strain gages

Superscripts:

- maximum stress at given radius for uniform shear condition

* stress at given radius for uniform hydrostatic condition

APPARATUS_ SPECIMENS_ AND EXPERIMENTAL PROCEDURE

Apparatus

The biaxial tensile testing machine shown in figure 2 was con-

structed to produce the required loading. It consisted of a rectangular

metal frame with a bank of five hydraulic cylinders on each side. The

cylinders on opposite sides were manifolded together to produce a uni-

form loading 3 but the vertical and horizontal banks were pressurized
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from separate lines. The pressures were measured on Bourdon pressure

gages having accuracies of 0. i percent of full scale. By varying the

pressures to the vertical and horizontal banks_ dfffferent biaxial stress

fields were imposed on the specimen.

O_
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Specimens

The specimens were rectangular sheets of a methyl methacrylate

plastic approximately 16 by iS inches and nominall2 I/S inch thick with

1-inch-diameter central holes. In order to distribute the load as even-

ly as possible_ the specimens were pin-loaded through i0 holes on each

side; that is_ the piston of each hydraulic cylinder pulled on a pair of

adjacent pins through a linkage system.

Reinforcing rings of t}_e same plastic as the sheet material were

cemented with cyanoacrylate adhesive on each side of the sheet around

the hole. These rings were machined to the same %hickness as the flat

sheet to which they were applied_ since there were variations in thick-

ness between specimens. There were also thickness variations within

individual specimens. Despite the most careful selection, the thickness

at the edges varied as much as ±5 percent of the thickness at the center 3

where the average thickness always occurred. Some of the experimental

error can be attributed to these thickness variations. For a specimen

of a given hub diameter_ th_ hub thickness was gradually built up by ce-

menting additional rings on each side of the plate between tests. Tests

on tensile specimens showed that the strain-gage cement had no effect on

the mechanical properties of this plastic.

r

Experimental Procedure

Foil strain gages with 1/16-inch-square elements were mounted along

the rim of the hole and back to back on the sheets at various points ad-

jacent to the hub as sho_,m in figure i. The angle e_ shown in figure i,

was based on the theoretical method of reference i. Care was taken to

put only 8 milliamperes of current through the strain gages to prevent

damage because the plastic dissipates the heat slowly. The strain-gage

output was recorded on an _itomatic multichannel recorder with an accu-

racy of ±i percent.

The hydraulic cylinder pressures for various stress fields and the

resulting nominal stresses were determined by testing a flat sheet with

strain gages and no central hole. It was found that over a central area

3 inches square (a region that would cover the largest reinforcement

ring used) the maximum strains at any point were within ±5 percent of

the strains measured at the center of the plate; this held true under
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all biaxial loading conditions. Farther from the center edge effects
becamemore pronounced and the stresses becamemore nonuniform. Uni-
formity of the stresses in the ring section is shownin the photoelastic
fringe patterns for each stress field in figure 3. Using the combina-
tions of pressures calibrated for the stress-field ratios of i:i_ 1.5:1_
2:1_ and _.S:l_ a flat unreinforced specimenwith strain gages around
the rim of the central hole was tested. The experimentally determined
maximumstress concentrations were about S percent less than those pre-
dicted theoreticall_ as shownin table I for the case X = i_ Z = i.

The specimen initially had one ring cementedon each side and had
strain gages mounted as in figure i. In imposing the various biaxial
stress fields_ the horizontal load was constant and the vertical load
was varied. The specimenwas loaded by uniformly and simultaneously
bringing it up to the previously determined combination of vertical and
horizontal loads. For each configurationj four different combinations
of loads were imposed and the values for the stress-field ratios of i:i_
l.S:l_ 2:1, and 2.5:i were determined by interpolation. After each load-
ing, the specimenwas unloaded and strain readings were taken to deter-
mine the zero drift before proceeding to the next loading. This process
was repeated a second time for each configuration. As mentioned before_
the load and no-load times were equal. The strain data were then en-
tered into a computer program which corrected for zero drift_ computed
the best straight line through the data by meansof the method of least
meansquares_ checked the linearity of the data_ and determined the
strains_ stresses_ and effective stress-concentraction factors for the
i:I_ I.S:I_ 2:1, and 2.5:i stress-field ratios for locations C_V_ H_
and O.

The hub thickness was built up by cementing on each side another
ring with the samethickness as the sheet_ and the test was repeated.
This procedure was followed until the hub thickness was built up to ii
times the sheet thickness. The hub was then milled downto the original
set of rings. At this point the normal and tangential strain gages at
C (Cz and Ce of fig. i) were removed_and another set of gages was mount-
ed with the positions reversed to obtain a second set of readings at lo-
cation C. The process of testing and building up the hub was then re-
peated. The results were averaged with the first series of tests. Rein-
forcement rings i.¢_ 1.7_ 2.0_ 2.5_ and S.O inches in outer diameter
were investigated in this way.
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ANALYTICAL PROCEDURE

Experimental results were compared with computations of stress-

concentration factors obtained from equations in reference I and tabu-

lated in table I. Using conventional two-dimensional theory of elastic-

it_ effective stresses were computed based on the yon Mises distortion
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energy theory. Using these_ stress-concentration factors were computed

for reinforcement rings aroTmd holes in sheets under biaxial loads. The

biaxial loading conditions examined were for i:i and i:-i stress-field

ratios corresponding to conditions of hydrostatic stress and pure shear-

ing stress_ respectively. Other types of biaxial loading can be obtained

by superposition of these two conditions.

If p is the principal stress at infinity for the i: i stress field_

q is the principal stress _t infinity for the i:-i stress field_ and

(p + q)/(p - q) equals the desired ratio of maximu_a to minimum principal

stresses_ then

(i) For a i:i stress-fLeld ratio_ p + q - i_ and q = O.
p - q

(2) For a 1.5:I stress-field ratio_ p + q = l.S, and p = 5q.
p- q

(3) For a 9: i stress-field ratio, P--+ q - 2, and p = 3q.
p - q

(A) For a 2.5:1 stress-field ratio, p + q = _:.5, and p = (7/3)q.
p - q

The effective stress-concentration factor for location V3 H3 or 0

based on distortion energy theory is

K = _ d2r + _ - drde + 3T2r9p2 + 5q2

where ar ts the radial stress_ d_ is the tangential stress, and Tr@

is the shear stress in the biaxially loaded sheet. In the case of lo-

cation C_ dr will be replaced in the equation by dz_ the stress normal

to the plane of the sheet. Since locations C3 V3 and H (fig. i) lie

along axes of symmetry_ the shear stresses will be zero for these posi-

tions. For location 0 not on these axes, the shear stress must be cal-

culated. This method was programmed for an IBM 70A computer.

It can be shown_ using a circular reinforcement of constant

cross section around a hole_ that the maximum stress concentration oc-

curs at location C_ where the direction of the maximum nominal principal

stress is tangent to the hole rim. From Beskin's method the maximum ef-

fective stress-concentration factor in the sheet adjacent to the hub

will occur either at locat_on V or H_ or at an angle e such that

cos 2e = -
drdr + dad_ - 2

drd e + dSd r

-62r+ _--_e- drde - S_rr8



where _r_ _ and Tra are the solutions for the maximumradial, tan-
gential_ and shear stresses in the sheet for a i:-i stress-field ratio
of magnitude qj and _r* and _ are the solutions for a i: i
stress-field ratio of magnitude p. These stresses can be readily de-
termined from reference i. The angle e will vary as X or Z or the
stress field is changed. For example, for the X = i. 7 reinforcement,
G will vary from _5.28° to 37.18° over the range of thicknesses to be
studied and for stress-field ratios of 1.5:1_ 2:1, and 2.5:1_ the aver-
age value being _2°. At X = 2, G varies from 45.88° to 28.32° w_th an
average of 3,_°_ at X = 2._R G is 39.28 ° to 12.31 ° with a 3_.5 ° average_

and ® varies from 36.00 ° to 15.0_ ° with an average of 30 ° for X = 3.

Because of physical limitations_ these average values of ® were used in

the experimental work.
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RESULTS A_qD DISCUSSION

The results of the biaxial tensile tests are shown in table I.

Both experimental and theoretical stress-concentration factors are indi-

cated for locations C_ V, _ and 0 for each configuration at each

stress-field ratio. As pointed out previousl_ in the case of location

0_ a compromise had to be made for placing the strain gages. The last
column in table i shows the theoretical stress-concentration factor for

the critical location for each condition. The second last column shows

the theoretical stress-concentration factor for the actual location 0

in the test specimen. By comparing these two columns, it is evident

that the displacement of gages at location 0 from their critical position

had only a slight effect on the theoretical values.

Verification of Theoretical Method of Locating

Strain Gages in Sheet

On one of the configurations (X = i._ Z = Ii) strain-gage rosettes

were mounted on the sheet along the outer rim of the reinforcement at

angles G of 0°, 30 °, _5 °, 60°_ and 90° . A number of separate tests

were necessary to accomplish this program, since there was not enough

space to mount all the strain gages at the same time. The meast_red dis-

tribution is shown in figure A.

The experimental effective stress-concentration factors for the i:i

stress-field ratio varied from 0.93 to 1.0A with an average value of

0.99. If this had been a perfect hydrostatic fiel_ the values would

have been identical at every point along the circumference. The nonuni-

formity of the stress field had more effect on the measurements at loca-

tion 0 than on those taken elsewhere because none of the gages at 0 were

duplicated as they were for the measurements at locations V and H. This

factor probably accounted for much of the scatter of the experimental

data for the i:i stress field in figure _.
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The peaks of the experimental curves for the l.S:l_ 2:1_ and 2. S:I

stress fields occurred at _out %5 °. Actually the curves are so flat

that an error of even i0 ° would make no appreciable difference in the

stress-concentration factor. The important point indicated in figure 4

is that these peaks occurr_d at approximately the same angle as those of

the theoretical curves. @l the basis of this agreement_ it was decided

that in all other cases the strain-gage rosette would be located as

closely as possible to the angle predicted by Beskin's method. One of

the notable observations derived from figure 4 is that the experimental

stress-concentration factors were considerably smaller than the theoreti-

cal values. As is shown later; this conclusion was generally true for

location 0 for every configuration. The discrepancy was particularly

noticeable in this case because the departure from the plane-stress as-

sumption was most pronounced in this configuration as a result of the

combination of small outer diameter and large hu_, thickness.

Effect of Stress-Field Ratio on Experimental

Stress-Concentration Factors at

Locations C and 0

In figure 5 experimental stress-concentration factors for locations

C and 0 are plotted against stress-field ratios. Location 0 was chosen

rather than V or H because the maximum stress concentration in the sheet

occurred there in most cases.

The theoretical curve for the stress-concentration factor at C for

an unreinforced hole is also shown in figures 5(a) to (e). it can be

seen that the minimum reinforcement (X = 1.4, Z = 3 in fig. 5(a)) con-
siderably improved the specimen.

The effect of increasing the stress-field ratio was an increase in

the stress-concentration factors at both C and 0. This change was most

significant at location C _n going from a i:i stress field to a more
nonuniform one when the hu_ thickness was small. The stress-concentration

factors at both locations C and 0 were not much worse for a 2.5:1 stress-

field ratio than for a 2:1 stress-field ratio.

Magnitude and Location of Maximum

Stress-Concentration Factors

in Hub and Sheet

In figure 6 the stress-concentration factor is plotted against the

parameter X for the i:i, l.S:l 3 2:1_ and 2.5:1 stress-field ratios.
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At the top of the figure the curves for location C are shown_while at
the bottom the maximummeasuredstress-concentration factor in the sheet
is plotted. The intersections of these sets of curves are shownto in-
dicate where the highest stress concentration shifts from the reinforce-
ment to the sheet. This maximumin the sheet usually occurred at loca-
tion 0_ sometimesat V_ and never at H within the range of geometries
studied. All curves in figure 6 are extrapolated to the theoretical
values for an unreinforced hole at X = i.

In figure 6(a) (for Z = 3), the maximumstress concentration in the
sheet always occurred at location 0. Figure 6(b) (for Z = S) also shows
the maximumin the sheet occurring at location _ except for X = 2.5
for a l.S:l stress-field ratio_ where it was at location V. In figures
6(c) and (d) (for Z = 7 and 9) the worst location was at V for X = 1.7
at a l.S:l stress-field ratio. The Z = ii hub of figure 6(e) showed
more cases in the region between X = 1.7 and X = 2.5_ where the
highest stress concentration in the sheet occurred at location V.

Selection of Reinforcement Geometry

Three-dimensional figures were constructed by plotting Kmax
(whether at location C or in the sheet) against both the X and Z
parameters (fig. 7). The trend of the stress-concentration-factor
c_rves for location C is an initial rapid decrease with increasing X
and then a leveling off as X is increased further. The trend of the
maximumstress-concentration factor curves in the sheet for values of
X larger than 1.7 is to increase slightly with increasing values of X
and in somecases to level out. Except for cases involving low values
of Z, these two types of curves (Kc and Kmax in the sheet) generally
intersect between values of X of 1.6 and 1.8. The intersection of
these two sets of curves is shownin figure 7 for each stress field. The
dark shadedarea is the location of the maximumstress-concentration
factor in the sheet. For a given hub diameterj the effect of increas-
ing the thickness is very small as far as the stress concentrations in
the sheet are concerned; usually there is a slight increase in the
stress-concentration factor. In each part of figure 7 the dark area is
relatively flat because of this insensitivity of the stress-concentration
factors in the sheet to changes in X and Z in that region.

The best reinforcements for each stress field therefore lie on the
dark shaded surface near the intersection with the steep surface.

In figure 7(a) (for a i:i stress field) the dark area extends ap-
proximately from X = 1.6 and Z = 2.9. The maximumstress-concentration
factor on this surface varies between 0.96 and 1.06. The best configu-
rations for this stress-field ratio were X = 1.7 with Z between 5
and ii. The three-dimensional plot of the 1.5:1 stress-field ratio is
shownin fign_re 7(b). The dark surface extends from X = 1.7 and
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Z = 5. S with Kma x varying between I. OS and 1.22. The best configura-
tions are again X = l.V with Z from 5 to ii. Figure 7(c) (for the

R:l stress-field ratio) shows the dark surface to be beyond X = 1.7

and Z = %.0 with Kma x from l. OS to 1.25. Th<_ best configuration in

this region was X = 1.7 and Z = ii. In figure 7(d) (for the 2.8:1

stress-field ratio) the boundary limits are abous the same as for

figure 7(c). The maximum stress-concentration factor on the dark surface

varies from about 1.08 to 1.27_ and again the best configuration is

X = 1.7 and Z = ii.

Comparison of Experimental and Theoretical

Stress-Concentration Factors

The ratios of the experimental to theoretical stress-concentration

factors are plotted in figure S for locations C and O. For location C_

there was better agreement as the stress-field r_tio became larger.

As the hub thickness was increased_ the ratio of experimental to

theoretical stress-concentration factor for location C increased_ while

for location 0 it decreased. This trend occurred with all values of

X, except for X = 5.0 in figure 5(c). In that case there was an ini-

tial decrease in the ratio of experimental to theoretical stress-

concentration factor for location C as the hub was built up; however,

as the hub was increased further_ the ratio decreased again. The ratio

of the maximum experimental to the maximum theoretical stress-

concentration factor is shown in figure 8 for each configuration for the

i:i, 1.5:1, 2:1, and 2.5:_ stress-field ratios. Only the magnitudes of

the maximum factors were considered_ the locations of the experimental

and theoretical highest stress concentrations were not necessarily the

S 8x_ae °

A number of conclusions can be drawn from f Lgure 8. The first is

that_ if Z is 5 or less_ there is very good agreement between the

experimental results and the method of reference i. This is to be ex-

pected_ since in this range the reinforcement approaches most closely

the plane-stress condition assumed in the theoretical analysis. Also_

when X is 1.7 or larger I Beskin's method is either in good agreement

or on the conservative side. The worse discrepancy between the maximum

experimental and theoretical stress-concentration factors was 27 percent

in this range. Figure 8 shows that Beskin's method should never be used

with values of Z greater than 5 when X is less than 1.7.
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Comparisonof Experimental and Theoretical

l_cations of MaximumStress

Concentration

The locations of the maximumstress concentrations_ both theoreti-
cal and experimenta_ are shownin table II. This table showswhether
the highest measuredstress concentration occurred at the hub or in the
sheet_ if in the sheet_ the angle G that was used is given. In addi-
tion to the highest experimental value_ the theoretical value at the
most critical experimental location and the highest theoretical value
with its location are given.

It should be noted that the method of reference i was not always
successful in predicting where the maximumstress concentration would
occur. For example3 there were i0 cases (most of them at 1.5:1 stress
fields in the region between X = 1.7 and X = 2.5) where the maximum
stress concentration occurred at V rather than at the theoretically pre-
dicted location 0. There were also a few cases where the critical lo-
cation in the sheet should theoretically have been at V but actually
occurred at 0. However3 an examination of table I showsthat for most
of the cases where discrepancies occurred, KV and K0 were nearly equal,
so that the choice of critical location could be at either V or 0 with-
in the experimental error. The tendency at large hub thicknesses and
low stress-field ratios for the critical location to drift toward V
seemswell establishe_ however_ and agrees with Beskin in this manner.

!

CO

qO

Accuracy of Data

An indication of the accuracy of the experimental work can be ob-

tained by comparing the stress-concentration factors at locations V_ O_
and H in table I for a I:i stress-field ratio. These factors should be

equal. In the worst cases there was approximately a ±5 percent spread

among K_ KV3 and KH. It should be remembered_ however_.that the

KV and K H values are the results of averaging symmetrically placed

gages_ whereas there were no symmetrical gages at 0 because of space

limitations. Thus K 0 is inherently less dependable than the other
experimental values.

The accturacy of the method of measuring the experimental stress-

concentration factors at C can be estimated by comparing the experimental

and theoretical values in table I for an unreinforced hole (X = i_

Z = i). The discrepancy in this case was between 2 and 3 percent for

the various stress-field ratios.
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Three-Dimensional Effects

Since the reinforcemeJ_ts are essentially cylinders with narrow bands

of radial load_ bending mo:nents of varying magnitudes are induced that

result in stresses normal to the plane of the sheet. Since these stresses

are compressive at the inner rim of the reinforc_ment_ they tend to pro-
duce an effective stress-concentration factor at this location measur-

ably larger than that predicted by reference I. Howeverj since the rein-

forcement material is not as effective as assumed in the two-dimensional

analysis_ the effective stress-concentration factor in the sheet is

smaller than that predicted by reference i.

The relative magnitudes of these compressive stresses can be seen

in figure 9. Varying X onl_ the magnitude of the ratio of the bend-

ing stress to the tangential stress at C, (_z/_@)C, decreases as X in-

creases. Varying Z orlly_ the magnitude of this ratio generally de-

creases with decreasing Z. Thus_ any change to a geometry that tends

to satisfy the basic two-dimensional assumptions more closely generally

decreases the bending stress in the reinforcement. Varying the stress-

field ratio only, (_z/_)C decreases with increasing stress-field ratio.

The S:l ratio of hole diameter to sheet thickness used in the test

specimens in this investigation is lower than any that would normally be

encountered in missile or space-vehicle applications. Any increase in

this ratio will change the geometry in such a wa_i_that it will more

closely approximate the two-dimensional assumptions of reference i for

any given X and Z. Such an increase will be accompanied by a de-

crease in the bending stresses in the hub 3 and the maximum effective

stress-concentration factors will agree more closely with those computed
from reference I.

CONCLUSIONS

The following conclusions may be drawn from the investigation of

the reinforcing effect of rings of rectangular cross section around

central holes in biaxially loaded flat sheets:

i. The best reinforcements for the 8:i ratio of hole diameter to

sheet thickness reduce the maximum stress-concentration factors to i.i

or less over the range of stress-field ratios that was studied.

2. For thin-walled reinforcements_ the highest stress is at the

inner rim of the hub. For a large ratio of hub to hole diameter Xj

the critical location is generally in the sheet adjacent to the hub. As

the hub diameter is further increased_ the stresses in the sheet tend to

get somewhat higher.
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3. For configurations where the hub thickness is three times the
sheet thickness or less_ the two-dimensional method of Beskin gives good
agreement with the experimental values at the inner rim of the hub. For
all configurations and stress-field ratios_ the maximumstress concen-
tration in the sheet either agrees fairly well or is less than that pre-
dicted from Beskin's method. For all configurations with X = 1.7 or
greaterj Beskin's method is conservative at the location where the maxi-
_i_ effective stress occurs.

A. The effect of the hub thickness on the stress concentration at
the inner rim is large 3 especially as the hub is initially built up.
Whenthe maximumeffective stress is in the sheet3 the effect on the
stress concentration of increasing hub thickness is relatively small.

S. The effect of increasing the nominal principal stress-field
ratio on a given configuration is an increase in the stress-concentration
factor.

6. Although the experimental investigation was done only for an S:l
ratio of hole diameter to sheet thickness 3 the larger ratios that are
normally encountered in space-vehicle applications should result in
closer agreement with the predictions from Beskin.

!

Co

tO

Lewis Research Center

National Aeronautics and Space Administration

Cleveland_ Ohio_ November 30_ 1961
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TABLE I. - THEORETICAL M_D PLXPERIMRNTAL EFFECTIVE STRESS-CCNCED[TRATiON FACTORS

...... TZ Stress- Experimental stress- I rfkcor_ t' ;_i strcss-
.... L I

field concentrat'on factor ccmcet trat[cn _' _o

ratio

1 i:i

1.5:1

2:1

2.5:1
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:: 2:1

2.S:I

1.96 ....

2.58 ........ I ....
2.80 ........
2.89 .... ! :

1.26 1.02 i. O0 1.04

1.67 .87 1.05 i. I0

1.85 .75 1.04 : 1.19

1.89 67 1.01 1.24

5

7

3

I

!9
i

I

Ii

I
i

51

Ii:i 1.50 0.98 0.94 0.99 0.861 1.004

1.5:1 1.60 .87 ,97 1.05 1.207 .907

2:1 1.71 .78 .94 1.14 1.347 .805
2.5:111.75 .71 .91 1.20 1.408 .750

1:1|1.56 0.96 0.92 0.99 0.670 1.053

1.5:1|1.59 .86 .95 1.04 .972 .931
2:1 1.66 .77 .91 1.12

2.5:1 1.68 .71 .88 1.18

---i.5_ N 0.95 _
i:i ! 0.91 0.99

1.5:I 1.52 .86 : .92 l. OZ

1.57 .78 ' ,99 i.i0
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2.5:1
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2.983

1.204

1.630

1.795

1.863

KO

:xx :z::z !

.747 1.021

.657 .t95
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/
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.87 1.]3

O.D5 0.96

1.01

at eex p
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1.144

1.290

1.389

1.004 1.O04

.992 1.167

.955 1.352

._:35 j 1.475

! _ 4

1.033 j 1.033
1.004 1.202

1.098

i. 155

0.549

.821

.937

.991

0.464

.715

.824

.876

1.062

1.477

1.643

1.71[

2.0

l 2:1 1.22

2.5:1 1.27

7 I 1.5:I

I 2:1

i 2.5:1

2.5:1
L

3 i i:I

1.5:I

2:1

2.5:1

5 i:I

1.5:I

2:1

2.5:1
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1.33

1.48 .97 .S_
1.54 .95 ._2

0.69 1.00 1.06
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- Concluded. THEORETZCAL AND EXPERIMENTAL EFFECTIVE ST_SS-CONCENTRATION FACTORS

ratio

Experimental stress- _eoretical stress-

concentration factor concentration factor

K C K V K H

!:i 0,65

1.5:1 .77
2:1 .81

2.5:1 .85

i:i 0.68

1.5:1 .77

2:1 .79

2.5:1 .80

1.158 1.158

1.255 .955
1.215 .790

1.185 .676

1.179 1.179

1.265 .976

1.255 .790

1.225 .671

I:i 0.95 1.048 1.048

l.S:l 1.28 i.i01 .895

2:1 1.41 1.081 .767

2.5:1 1.47 1.052 .682

I:i 0.61

1.5:I .85

211 .95

2.5:1 .99

I:I 0.50

1.5:1 i .69

2:1 .76

2.5:1 .79

1,115 1.115

1.206 .906

1.199 .745

1.175 .652

1.157 1.157

1.265 ,925

1.265 .745

1.245 .622

i:I 0.46 1.184 1.184

1.5:1 .59 1.505 .955

2:1 .64 1,507 .745

2.5:1 .66 1.287 .617

i:I 0.45

1.5:1 .55

2:1 .58

2.5:1 .59

I:i

1.5:1

2:1

2.5:1

1.202 1.202

1.529 .945

1.557 .777

1.518 .615

KV i KH KO

0.96 i 1.04 i.01

1.06 .86 1.06

.74 1.11, .67 1.14

0.97 1.05 ii O5

1.08 .66 1 07

i.ii .74 1 12

I. ii .67 1 15

1.05 1.05 0.99

i 1.09 .90 1.12

i 1.09 .80 1.21
i 1.07 .75 1.25

I
1.05 1.06 0.99

1.15 .87 1.12

1.15 .74 1.20

1.14 .66 1.24

1.05 1.08 0.99

1.17 .87 1.12

1.19 .72 1.20

1.19 .65 1.25

1.01 11.05 0.97

1.14 .84 i.i0

1.17 .69 1.17

1.16 .81 1.20

1.00 1.05 0.95

1.15 .82 1.07

1.15 .68 1.15

1.15 .59 1.16

1.00 0.98 1.08

1.09 .84 1.17

i. I0 .74 1.21

1.09 .68 1.25

1.05 1.01 1.09

1.15 .81 1.19

1.17 .68 1.24

1.16 .60 1.26

1.05 1.04 1.14

1.19 .82 1.24

1.22 .67 1.29

1.22 .58 1.50

1.O2 1.07 1.12

1.17 .85 1.22

1.20 .67 1.25

1.20 .57 1.27

1.02 1.06 i.ii

1.17 .81 1.22

1.21 .65 1.26
1.21 .56 1.28

K C

I

i0.596
i .599

I .686

i .727

o.55oi
.506 i

.580

.619

0.957

1.296
1.458

1.499

0.612

.868

.972
1.019

0.454

.655
.758

.775

0.581

.527

.596

.627

0,500

.441

.498

.527

0.909

1.245

1.577

1.455

0.588

.820

.914

.954

10.455
, .615

.685

.717

0.545

.490

.549

.575

0.286

.408

.458

.481

0.89 1.065 1.065

1.20 1.148 .882

1.52 1.144 .744

1.57 1.124 .654

I:i 0.56 1.155 1.153

1.5:1 .77 1.248 .898

2:1 .85 1.255 .722

2.5:1 .89 1.258 .606

I:I 0.42 1.172 1.172

1.5:1 .58 1.502 .915

2:1 .64 1.514 .725

2.5:1 .66 1,298 .596

i:i 0.54 1,197 1.197

1.5:1 .45 1.556 .827

2:1 .50 1.545 .727

2.5:1 .52 1.555 ,595

I:i 0.52 1.215 1.213

1.5:1 .41 1.359 .956

2:1 .44 1.5'75 .729

2.5:1 .46 1.561 .592

K 0 at @exp K0,max

1.158 1,158

1.260 1.267

1.560 1.560

1.424 1.424

1.179 1.179

1.279 1.290

1.572 1.574

1.435 1.453

1.048 1.048

1.156 1.156

1.215 1.218

1.267 1.275

1.115 1.115

1.214 1.221

1.294 1.294

1.544 1.546

1.157 1.157

1.257 1.272

1.554 1.555

1.580 1.580

1.184 1.202

1.284 1.506

1,557 1.361

1.400 1,401

1.202 1.202

1.502 1.550

1.575 1.580

1.415 1.415

1.065 1.065

1.158 1.158

1.215 1.217

1.249 1.259

1.155 1.155

1.259 1,250

1.501 1.501

1.555 1.557

1.172 1.172

1.282 .....

1.544 1.545

1.576 1.576

1.197 1.197

1.509 .....

1.569 1.575

1.400 1.400

1.215 1.215

1.528 .....

1.587 1.595

1.416 1.416
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(a) Stress-fleld ratlo_ i:i° (b) Stress-fleld ratio, 1.5:l.

(c) Stress-fleld ratio, 2:1.

Figure 3. - Photoelastic patterns.

Z, 3.

C-58651

(d) Stress-fleld ratio, 2.5:1.

Hub diameter ratio X# 3; hub-sheet thlckness ratio
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